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a b s t r a c t
In this work general quantitative estimates of Voronovskaja-type formulas in the space of
functions of several variables that are twice continuously differentiable and in the space of
functions with weighted second-order derivatives are established.
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1. Introduction
Trotter’s approximation theorem [1, Theorem 5.3] is a useful tool in the approximation of the solution of an assigned
evolution problem through iterates of suitable sequences of positive linear operators. In this approach, a Voronovskaja-type
formula provides a connection between the parabolic problem and the sequences of linear operators (see [2] formore details
and further references).
Recently, some quantitative results on the rate of convergence to the limit semigroup have been obtained for particular
classes of functions (see [3] for functions in C4([0, 1]) and [4] for functions in C3([0, 1])). In [5] a general quantitative version
of Trotter’s theorem, based on a quantitative Voronovskaja-type formula, was stated; this has provided the possibility of
extending the estimates to all functions of class C2,α .
In this direction it may be of interest to investigate the class of all functions for which a quantitative Voronovskaja-type
formula holds.
Hence, the aim of this work is to extend this class of functions as much as possible.
As regards the functions in C2([a, b]) a general quantitative Voronovskaja-type theorem has already been established by
Gonska et al. in [6,7] in terms of the least concave majorant of the classical modulus of continuity.
Here a general quantitative estimate in the space of functions of several variables that are twice continuously
differentiable is given in terms of the classical modulus of continuity.
Moreover in the one-dimensional setting this estimate is extended to functions with second-order derivatives in a
weighted space; uniform and pointwise estimates are established in terms of the modulus of continuity of the weighted
second-order derivatives; in this way the class of functions for which it is possible to state such an estimate is enlarged.
2. A general estimate
Let K be a convex subset of Rd, and consider a positive linear operator L on C(K). Define the associated differential
operator as follows:
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ALf (x) := 12
d∑
i,j=1
Di,jf (x)L
(
(pri − xi)(prj − xj)
)
(x)+
d∑
i=1
Dif (x)L(pri − xi)(x),
∀x = (x1, . . . , xd) ∈ K , f ∈ C2(K) (1)
where pri denotes the i-projection on Rd defined by setting pri(x) := xi, Di denotes the first-order partial derivative ∂∂i , and
Di,j = DiDj.
In the sequel we use the classical modulus of continuity of functions in UC(K) := {f ∈ C(K) | f is uniformly continuous}
defined by ω(f , δ) := sup x,y∈K
‖x−y‖≤δ
|f (x) − f (y)| and the modulus of continuity of the second-order partial derivatives
ω(D2f , δ) := sup x,y∈K
‖x−y‖≤δ
∑d
i,j=1
∣∣Di,jf (x)− Di,jf (y)∣∣ of functions in UC2(K) := {f ∈ C2(K) | Di,jf ∈ UC(K) for every i, j =
1, . . . , d}.
Lemma 2.1. Suppose L is a positive linear operator on C(K), f ∈ UC(K) and x ∈ K; then
L
(|id− x |2 ω(f , |id− x|)) (x) ≤ 2L (|id− x |2) (x)ω(f , L (|id− x |3) (x)
L
(|id− x |2) (x)
)
. (2)
Proof. For every δ > 0 and every y, x ∈ K
ω (f , |y− x|) = ω
(
f ,
|y− x|
δ
δ
)
≤
(
1+ |y− x|
δ
)
ω(f , δ), (3)
thanks to the inequality ω(f , λδ) ≤ (1+ λ)ω(f , δ) for δ, λ ≥ 0. Then
L
(|id− x |2 ω(f , |id− x|)) (x) ≤ L(|id− x |2+|id− x |3
δ
)
(x) ω(f , δ)
and choosing δ = L (|id− x |3) (x)/L (|id− x |2) (x), Eq. (2) is obtained. 
As usual we will denote by 1 the constant function of value 1.
Theorem 2.2 (Estimation in C2(K)). Suppose L is a positive linear operator on C(K), f ∈ UC2(K) and x ∈ K; then
|L(f )(x)− f (x)−ALf (x)| ≤ |f (x)| |L(1)(x)− 1| + L
(|id− x |2) (x)ω(D2f , L (|id− x |3) (x)
L
(|id− x |2) (x)
)
. (4)
Proof. Suppose f ∈ UC2(K) and x ∈ K . For every y ∈ K
f (y)− f (x) =
d∑
i=1
Dif (x)(yi − xi)+ 12
d∑
i,j=1
Di,jf (x)(yi − xi)(yj − xj)
+ 1
2
d∑
i,j=1
(
Di,jf (ξ(y))− Di,jf (x)
)
(yi − xi)
(
yj − xj
)
,
where ξ(y) is in the segment joining x and y. Hence
f − f (x) · 1 =
d∑
i=1
Dif (x) (pri − xi)+ 12
d∑
i,j=1
Di,jf (x) (pri − xi)
(
prj − xj
)
+ 1
2
d∑
i,j=1
(
Di,jf ◦ ξ − Di,jf (x)
)
(pri − xi)
(
prj − xj
)
.
Evaluating L at the point x,
L(f )(x)− f (x)+ f (x)− f (x) · L(1)(x) =
d∑
i=1
Dif (x)L(pri − xi)(x)+ 12
d∑
i,j=1
Di,jf (x)L
(
(pri − xi)
(
prj − xj
))
(x)
+ 1
2
d∑
i,j=1
L
((
Di,jf ◦ ξ − Di,jf (x)
)
(pri − xi)
(
prj − xj
))
(x),
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and taking into account that L is positive, it follows that
|L(f )(x)− f (x)−ALf (x)| ≤ |f (x)||L(1)(x)− 1| + 12
d∑
i,j=1
∣∣L ((Di,jf ◦ ξ − Di,jf (x)) (pri − xi) (prj − xj)) (x)∣∣ . (5)
Using the inequalities
∑d
i,j=1
∣∣Di,jf (ξ(y))− Di,jf (x)∣∣ ≤ ω (D2f , |y− x|) and |(yi− xi)(yj− xj)| ≤ |y− x |2 from (5) it follows
that
|L(f )(x)− f (x)−ALf (x)| ≤ |f (x)| |L(1)(x)− 1| + 12 L
(|id− x |2 ω (D2f , |id− x|)) (x).
Applying Lemma 2.1 the desired result is obtained. 
These results can be applied to Bernstein operators on C([0, 1]) defined by Bn(f )(x) :=∑nk=0 ( nk ) xn(1− x)n−kf ( kn ).
A straightforward calculation yields ABn f = Afn where Af (x) = x(1−x)2 f ′′(x); then taking Bn in place of L, from (4) the
following quantitative Voronovskaja formula holds true:
|n (Bn(f )(x)− f (x))− Af (x)| ≤ x(1− x)ω
(
f ′′,
Bn
(|id− x |3) (x)
Bn
(|id− x |2) (x)
)
≤ x(1− x)ω
(
f ′′, 3 ·
√
x(1− x)
n
+ 1
n2
)
(see [7] for the estimate of Bn(|id− x |3)(x)/Bn(|id− x |2)(x)).
3. Estimates in the space C2ϕ,α(r1, r2)
In the one-dimensional context it is possible to estimate the Voronovskaja-type formula in the whole domain of a
degenerate differential operator.
Let −∞ < r1 < r2 < ∞, and let L : C([r1, r2]) → C([r1, r2]) be a linear positive operator such that L(1) = 1. The
differential operatorAL becomes
ALf (x) = 12 f
′′(x)L
(
(id− x)2) (x)+ f ′(x)L((id− x))(x)
:= a(x)f ′′(x)+ b(x)f ′(x).
Suppose that a(x) > 0 in ]r1, r2[ and that
1
C
((x− r1)(r2 − x))β ≤ a(x) ≤ C ((x− r1)(r2 − x))β (6)
for some β > 0 and positive constant C > 0.
The weight function is defined by setting ϕ(x) :=
√
L
(
(id− x)2) (x) = √2a(x); then the following weighted space can
be defined for α ≥ 0:
C2ϕ,α(r1, r2) :=
{
f ∈ C([r1, r2]) ∩ C2(]r1, r2[) | f ′′ϕα ∈ C([r1, r2])
}
.
Theorem 3.1 (Estimation in C2ϕ,α(r1, r2)). Suppose α ∈ [0, 2β ], f ∈ C2ϕ,α(r1, r2) and x ∈ (r1, r2); then
|L(f )(x)− f (x)−ALf (x)| ≤ ϕ2−α(x)ω
(
ϕα f ′′,
L
(|id− x |3) (x)
L
(
(id− x)2) (x)
)
+ C‖ϕα f ′′‖∞ϕ2(1−α)(x)ω
(
ϕα,
L(|id− x |3)(x)
L
(
(id− x)2) (x)
)
(7)
where C is a constant depending on ϕ.
Proof. First it can be observed that for x, t ∈ [r1, r2],∫ t
x
|t − s|
ϕα(s)
ds ≤ C (t − x)
2
ϕα(x)
. (8)
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Indeed if x ≤ s ≤ t ,
t − s
ϕα(s)
≤ C t − s
((s− r1)(r2 − s))αβ/2
= C (r2 − s)
1−αβ/2
(s− r1)αβ/2
(t − s)
(r2 − s)
≤ C (r2 − s)
1−αβ/2
(s− r1)αβ/2
(t − x)
(r2 − x) ≤ C
(r2 − x)1−αβ/2
(x− r1)αβ/2
(t − x)
(r2 − x)
= C t − x
((x− r1)(r2 − x))αβ/2
≤ C t − x
ϕα(x)
;
if t ≤ s ≤ x, the argument is similar.
Now suppose x, t ∈ (r1, r2) and f ∈ C2ϕ,α(r1, r2); then using Taylor’s formula
f (t)− f (x) = f ′(x)(t − x)+
∫ t
x
(t − s)f ′′(s) ds (9)
it follows that
L(f )(x)− f (x)−ALf (x) = f ′(x)L(t − x)(x)− f ′(x)b(x)+ L
(∫ t
x
(t − s)f ′′(s) ds− 1
2
(t − x)2f ′′(x)
)
(x)
= L
(∫ t
x
(t − s) (f ′′(s)− f ′′(x)) ds) (x)
= 1
ϕα(x)
L
(∫ t
x
(t − s) [ϕα(s)f ′′(s)− ϕα(x)f ′′(x)] ds) (x)
+ 1
ϕα(x)
L
(∫ t
x
(t − s) [ϕα(x)− ϕα(s)] f ′′(s)ds
)
(x)
and
|L(f )(x)− f (x)−ALf (x)| ≤ 1
ϕα(x)
L
(
1
2
(t − x)2ω (ϕα f ′′, |t − x|)) (x)
+ ‖ϕ
α f ′′‖∞
ϕα(x)
L
(∫ t
x
|t − s|
ϕα(s)
dsω (ϕα, |t − x|)
)
(x)
≤ 1
2ϕα(x)
L
(
(t − x)2ω (ϕα f ′′, |t − x|)) (x)
+ C ‖ϕ
α f ′′‖∞
ϕ2α(x)
L
(
(t − x)2ω (ϕα, |t − x|)) (x).
From Lemma 2.1 it follows that
|L(f )(x)− f (x)−ALf (x)| ≤ L
(
(t − x)2) (x)
ϕα(x)
ω
(
ϕα f ′′,
L
(|t − x |3) (x)
L
(
(t − x)2) (x)
)
+ C‖ϕα f ′′‖∞ L
(
(t − x)2) (x)
ϕ2α(x)
ω
(
ϕα,
L
(|t − x |3) (x)
L
(
(t − x)2) (x)
)
.
Taking into account that L
(
(t − x)2) (x) = ϕ2(x), the desired result is obtained. 
Remark 3.2. In the one-dimensional setting, Theorem 2.2 is a particular case of Theorem 3.1 taking α = 0.
If β = 1 the estimate holds uniformly with respect to x ∈ [r1, r2] if α ∈ [0, 1] and only pointwise if α ∈]1, 2].
For α = 1, estimate (7) becomes
|L(f )(x)− f (x)−ALf (x)| ≤ ϕ(x)ω
(
ϕf ′′,
L
(|id− x |3) (x)
L
(
(id− x)2) (x)
)
+ C‖ϕf ′′‖∞ω
(
ϕ,
L
(|id− x |3) (x)
L
(
(id− x)2) (x)
)
,
while for α = 2,
|L(f )(x)− f (x)−ALf (x)| ≤ ω
(
ϕ2f ′′,
L
(|id− x |3) (x)
L
(
(id− x)2) (x)
)
+ C‖ϕ2f ′′‖∞ 1
ϕ(x)
ω
(
ϕ2,
L
(|id− x |3) (x)
L
(
(id− x)2) (x)
)
.
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In the case in which the domain of the differential operator D(AL) coincides with C2ϕ,2(r1, r2), a pointwise estimate in the
whole domain of the differential operator has been established. This happens, for example, if r1, r2 are natural or entrance
endpoints, according to Feller’s classification (see, e.g., [8, Chapter VI, Section 4]).
For the Bernstein operator ϕ(x) = √x(1− x) and, consequently, taking into account that ω(ϕ, δ) = ϕ(δ) and ω(ϕ2, δ) =
ϕ2(δ), we have
‖n(Bn(f )− f )− Af ‖ ≤ 12ω
(
ϕf ′′,
1√
n
+ 1
n
)
+ ‖ϕf ′′‖∞ω
(
ϕ,
1√
n
+ 1
n
)
≤ 1
2
ω
(
ϕf ′′,
1√
n
+ 1
n
)
+ ‖ϕf ′′‖∞
√(
1√
n
+ 1
n
)
for every f ∈ C2ϕ,1(0, 1), while
|n(Bn(f )(x)− f (x))− Af (x)| ≤ ω
(
2Af ,
2√
n
)
+ 2 ‖Af ‖∞
x(1− x)ω
(
ϕ2,
2√
n
)
≤ ω
(
2Af ,
2√
n
)
+ ‖Af ‖∞
x(1− x)
4√
n
,
for every f ∈ D(A).
Finally, we point out that the case β = 0 in (6) can be considered taking Gauss–Weierstrass operators on the real line
(see e.g. [2]) and in this case we have α ∈ [0,∞[ in Theorem 3.1.
Moreover, the case β ≥ 2 can be treated by considering some Steklov-type operators on the interval [0, 1] (see [9,10]
for details).
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